
The Use of Parameter-Free Correlation Functions in Green's 
Function Monte Carlo Simulations of Small Electronic Systems 

C. Mecke and F. F. Seelig 
Institut für Physikalische und Theoretische Chemie, Eberhard-Karls-Universität Tübingen, 
D-72076 Tübingen, Germany 

Z. Naturforsch. 52 a, 793-802 (1997); received October 11, 1997 

Using an old formulation for correlation functions with correct cusp-behaviour, the Schrödinger 
equation transforms to a new differential equation which provides a very simple expression for the 
local electronic energy with limited range. This, together with the simplicity of the formulation 
promises a high performance in Green's function Monte Carlo (GFMC) simulations of small 
electronic systems. The behaviour of the local energy is studied on a few simple examples because 
the variance of this function determines the quality of the results in the GFMC methods. Calculations 
for one- and two-electron systems are presented and compared with results from well-known 
functions. The form of the function is then extended to systems with more than two electrons. 
Results for the Be atom are given and the extension to larger electronic systems is discussed. 
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I. Introduction 

Greens ' s funct ion quantum Monte Car lo methods 
have been an intensively examined branch of quan-
tum mechanics in the last years. The me thod has now 
become well established and standard p rograms for 
calculations of smaller electronic systems are avail-
able [1]. Progress still has to be done in extending 
the method on larger systems. Quest ions of the node 
problem in the case of fe rmion sys tems have to be 
solved, and the convergence behaviour of such calcu-
lations is to be improved. The latter can be achieved 
by developing more accurate guiding func t ions with 
a very small variance of their corresponding local 
energies. An important point to keep in mind is of 
course that better guiding func t ions are of an increas-
ing complexity, which causes more computa t ional ef-
fort. Therefore care must be taken that the advantages 
of better guiding funct ions are not overcompensa ted 
by the disadvantage of increasing CPU- t ime needed 
for evaluating the funct ions mil l ions of t imes. A sim-
ple formulat ion like the one we suggest could, in spite 
of being not so sophisticated as other ones, be supe-
rior in the computat ional practice. In addit ion to that, 
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the question of the min imum requirements of a for-
mulat ion without parameters, which would have been 
determined first in another calculat ion, remains an 
interesting point in ab-initio quan tum chemistry. 

The starting point of the fo l lowing inspect ions is 
the t ime-independent Schrödinger equat ion 

H&p — Ep\Pp 

with the Hamil tonian TC, the wave funct ion which 
for simplicity here is taken to be real, and the cor-
responding energy Ep of the pth quan tum state. 
T h e quantum mechanical , non-relativistic, e lectronic 
Hamil tonian for a molecule of N electrons with the 
coordinates fl = (xi,yl:z1) (i = 1 , 2 , . . . , i V ) in 
the field of M nuclei with the coordinates tk = 
(Xk-, Vk, zk) and the charge numbers Zk (A' = 
1,2,..., M) in a Cartesian coordinate system within 
the Born-Oppenheimer approximat ion using a tomic 
units is 

. N N M y N-1 N . 

^ = + E E 7 -
i= l i= 1 K= 1 

riK i=l i=i+1 

(TiK = I — tk I is the distance be tween electron i and 
nucleus I \ and r t J = \r t — f 3 \ is the inter-electronic 
distance). 
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With the new quantity II. M e t h o d 

N M N — 1 N 

z=l A'=l i= I j=i+\ 

introduced in [2], [3] the ground state wave funct ion 
(where in the fol lowing the ground state index p = 0 

for simplici ty is omit ted) can be written as 

$ = e~pF. 

Inserting this formulat ion in the Schrödinger equation 
produces a new differential equation for the func-
tion F: 

1 N 

- r ] T [v2 - 2(Vip • V,) + ('V lP)2} F = EF . 
1 i=1 

Original ly the method of the Green ' s funct ion 
Monte Car lo calculat ions was introduced by Kalos 
[6], Anderson [ 7 - 9 ] and others [10]. Here we only 
have to point to a few basic key ideas. Details of the 
implementa t ion can be found in these papers and in 
the textbook of H a m m o n d , Lester, and Reynolds [11], 
where the method we use is of ten referred as "Bessel 
func t ion Monte Car lo (BFMC)" . 

Assuming that the potential in the Schrödinger 
equat ion had an upper bound Vmax > 0, the ex-
pression (V(R) — Vm a x), would always be nega-
tive (or zero) (in the fol lowing capital letters R = 
(X\,Y\,Zi,... , X n , V N i z n ) are used for posit ions of 
the 3iV-dimensional , electronic space, while small 
letters (f*) denote the coordinates of a single electron). 
Therefore , to apply this method the electron-electron 
interaction of the true cou lomb potential Vc 

The expression for the local energy of a trial funct ion 
<P = e~pF, 

e ( r i , r 2 , . . . , r j v ) = 

therefore can be written as 

N 
£ [V 2 - 2Vip • V j ] F 

1 i=i £ = 
2 F 

introducing a new pseudo-potential 

+ V (1) 

N M y N-\ N , 

' ih i = l K = \ = 1 j=i+1 13 

has to be cut off at VC = Vmax (this is equivalent to an 
introduct ion of a minimal electron-electron distance 
ro). Of course this assumption introduces a small er-
ror which depends on the choice of Vmax and can be 
related to the t ime step error in Dif fus ion Monte Carlo 
methods (DMC) . Addi t ional considerat ions are nec-
essary to get the best value for Vm a x . For one-electron 
sys tems this method provides an absolutely accurate 
way for computa t ional calculations. The Schrödinger 
equat ion with this shift parameter Vmax now reads 

1=1 

It turns out that our formulat ion of the wave func-
tion produces at least three attractive properties [4], 
These are the ful f i lment of the cusp-condit ions [5], 
the exact compensat ion of the true coulomb potential 
and the generat ion of a new pseudo-potential which 
is bounded f r o m above and f rom beyond. The expres-
sion for the local energy, due to the special choice 
for the ground state wave funct ion with correct cusp-
behaviour, therefore has very attractive properties for 
the use in some numerical quan tum mechanical meth-
ods, as will be shown in the next sections. 

n R ) = 
V(R) - vma: 

E() - VM 
n R \ (2) 

where we have introduced the new parameter k 2 = 
—2(Eq — Vm a x) for convenience, and V 2 is based on 
the coordinates R of all the electrons. The expression 
in brackets on the lef t -hand side of (2) is an Helmhol tz 
operator. The Green ' s funct ion of this operator is well-
known: 

GWi?', R) = ( 2 t t r ^ R - ' K ^ R ) 

(R = k\R - R'\, v = 3N/2 - 1). Kv is the modi-
fied (spherical) Bessel funct ion (if v is integer, Kv is 
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of second, in the other cases of third kind [12]). In-
troducing a guiding function $ in order to perform a 
Metropolis acceptance step in the simulation, the final 
integral equation which has to be solved iteratively by 
Monte Carlo methods is 

where 

f ( R ' ) = $(R')%(R') 
oo 

• / -GBess(R', R) 
V(R) - \\ 

v ; 
f(R)dR. 

The electronic ground state energy can be calculated 
by summation of the local energies e l of the set of 
3iV-dimensional points { R i } ("walkers") in a ran-
dom walk algorithm, which after the simulation are 
distributed like the mixed function / : 

Eo = {£)f= lim M—*oc 
1 

M 

M 

i= l 

Care must be taken to avoid statistical correlation. 
In the case of systems with more than two electrons 

the wave function of fermion systems H/1' has to be 
antisymmetric under exchange of the space- and spin-
coordinates of two particles: 

= ( . . . , {rj,Uj},..., { r ; , ^ } , . . . ) . 

This constraint is usually achieved by a determinant 
form of the guiding function. Using a determinant 
specifies the nodes of the function. Because of the 
lack of knowledge of the general shape of the nodes 
[13], [14], an additional error is introduced when the 
common fixed-node approximation [8] of the BFMC 
method is implemented. 

III. Guiding Functions 

The most common formulation for guiding func-
tions in G F M C methods is of the correlated molecular 
orbital (CMO) type: 

<?CMO = 

where denotes a correlation factor and <?d a 
determinant form. For very often Jastrow factors 
are used: 

$c = e - p J , 

N 

PJ +P> 
J 
corr 

i=l 

with the simplest form of a Pade-approximation 

M 

= E 
A"=l 1 + VrTiK 

and 

PcOTX 

TV— I N 

= Z £ 
i= l j=i+1 

arr 

1 + 6r, 

where the parameter a has to be chosen as a = — 1 /2 
in order to satisfy the electron-electron cusp condi-
tion. The parameters Ak h a v e to be determined to 
fulfil the electron-nucleus cusp conditions. The v K 

and b can be used to minimize either the expecta-
tion value of the guiding function or the variance of 
its local energy function. Although there are a lot of 
values for these parameters tabulated, the work for 
this optimisation has to be taken into account for a 
fair comparison of the computational effort for dif-
ferent guiding functions. Obviously our formulation 
is the simplest form of a Jastrow factor with correct 
cusp-behaviour without any parameters. 

The pseudo-potential V' in the expression for the 
local energy of our formulation has some remarkable 
properties. As we can see f rom (1), it becomes iden-
tical with the local energy if we use F = 1 as an 
expression for the unknown function F . For systems 
up to two electrons with singlet ground state this be-
comes a possible and attractive choice. Under closer 
inspection of the expression for V', 

N 

i=i 
r N M M 

E E E ^ c — ) 
i= 1 A=1 L=\ 

N N M 

- E E E ^ ^ ^ 
i= 1 j=\ A=1 

^ N N N 

2=1 J=1 ' = 1 
J9f W, 
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V' = - - N 
1 r M 

Y , z 2
k + U N - i ) 

LK=\ 
N r M M 

+ Y Y ZKZL(rlKrlL) 
i=\ LA-=I L=I L=/K 

N M 

— ^ ^ ZKiKfij) 
j=I A'=l j¥> 

, N JV 

j=\ i=i 

where 

fo^) = V l r i j • Vlrli = 
_ ij + r2

ü~r ji _ 
2rljrli 

= cos d ] ü 

i ß j u is the angle between the two vectors rl3 and 
f i i , ( f ih ' f iL) and (rlKrl3) are defined in an analogous 
way), it turns out that it is very easy to determine an 
upper and lower bound for the local energy. The upper 
bound could be set to zero and for the lower bound S , 

S = -L-N 
2 

r M M M 

L A'=l L=\ K=\ 

+ l-(N-\)2 

4 

is a possible choice. In most examples an even better 
bound can be determined. This becomes important 
because in Q M C methods the variance of the local 
energy determines significantly the quality of the re-
sult. 

IV. Examples 

Systems with up to Two Electrons 

In order to get a better impression of our guiding 
functions we studied a few simple examples, where 
we are able to visualise the properties of the local 
energy. For the hydrogen molecular ion (Fig. 1) the 
exact solution of the corresponding Schrödinger equa-
tion is possible [15] and the £ + - o r b i t a l is shown in 
Figure 2. Thus the exact function F (Fig. 3) can eas-
ily be gained by multiplying the exact solution with 
ep (note the plateau between the nuclei in Figure 4). 
The pseudo-potential for the hydrogen molecular ion 
( Z a = Zb = Z = 1) is simply 

AB B 

Fig. 1. Coordinates of the hydrogen molecular ion. 

¥ 

(bohr) 
Fig. 2. £+-orbital of the hydrogen molecular ion (3D) from 
the original work [15] (y = 0) in atomic units. 

/ \ 
Z2

A + Z2
B+2ZAZB(rArB) 

cos(7) J V 
and remains inside the interval [—1/2(Z,4 + Z ^ ) 2 , 
- \ / 2 ( Z a — Zb)2]- T h e d i f f e r e n c e b e t w e e n t h e u p p e r 
and the lower bound therefore is AV' = 2ZaZb-
Figures 5 and 6 show the pseudo-potential along the 
axis of the two nuclei (x = y = 0). 

We compared this function with a second guiding 
function $2, which was a simple LCAO-function 

= N2(v(rA) + v{rB)) 

where <p(r) = e~ar (for q , the optimum exponent 
for the internuclear distance of 2.0 a.u., is used: 
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(bohr) 

Fig. 5. Pseudo-potential of the hydrogen molecular ion, 
section along the nuclear axis (x = y = 0) in atomic units. 

Fig. 3. Function F of the hydrogen molecular ion (3D), 
gained with the original work [15] (y = 0) in atomic units. 

(bohr) 
Fig. 4. = e~p for the hydrogen molecular ion, section 
along the nuclear axis (x = y = 0) in atomic units. 

a = 1.25). Because of the wrong cusp-behaviour the 
local energy of this func t ion is of course not bounded: 

N2 ( f a a2\ f a a2\ , ' 

Fig. 6. 3-dimensional graph of the pseudo-potential of the 
hydrogen molecular ion (x = 0) in atomic units. 

For the he l ium a tom (Fig. 7) the pseudo-potent ia l 
within our formula t ion is 
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Fig. 7. Coordinates of the helium 

y1 (bohr) 

atom. 

-2.4 

-2 .6- ; 

-2.8-; 

-3.2 

-3.4- • 

-3.6-• 

-3.8-

-4.2--

-4 -2 0 2 4 6 
z1 

(bohr) 
Fig. 8. Pseudo-potential V' of the He atom for electron one 
along the 21-axis (electron 2: X2 = 0, yi = 0, 22 = 2) in 
atomic units. 

Because the sum ( c o s ( a ) + cos(/?)) is bounded in 
the interval [0,2], the pseudo-potent ia l V is be tween 
~(Z2+1 / 4 ) and - ( Z 2 - Z + 1 / 4 ) . The d i f ference be-
tween the upper and lower bound therefore is simply 
AV' = Z. Figures 8 and 9 show the pseudo-potent ia l 
holding the posit ion of electron 2 fixed at ( x i = 0, 
y2 = 0, 22 = 2). In Fig. 8 the first electron moves along 
the 21-axis, in Fig. 9 a long the y r a x i s . Note that in 
Fig. 8 the position of electron 2 can not be seen. A 
three dimensional representat ion is given in Figure 10. 

For the purpose of compar i son we used a "single-
zeta" Hartree-Fock func t ion 

# H F = i V 0 ( 1 ) 0 ( 2 ) 

Fig. 9. Pseudo-potential V of the He atom for electron one 
along the yi-axis (electron 2: xi = 0, 2/2 = 0, Z2 = 2) in 
atomic units. 

(bohr) 
Fig. 10. Pseudo-potential V' of the He atom for electron 
one (electron 2: x\ = 0, xi - 0, y2 = 0, 22 = 2) in atomic 
units. 

where 0 ( r ) = ( ( = 11 /16) . Due to the 
wrong cusp-behaviour the expression for the local 
energy £HF< 
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£HF = - C 2 + ( C - Z ) 
1 1 

— + — 

r\ r2 

1 

n 2 

again is not bounded . 

Systems with more than Two Electrons 

For electronic sys tems with more than 2 electrons 
the choice of F = 1 is no longer possible. To guarantee 
the an t i symmetry of the guiding funct ion we use the 
c o m m o n formula t ion 

F = A( 1 , . . . , N/2)B(N/2 + 1 , . . . , N), (3) 

where 

A ( l , . . . , i V / 2 ) = 

> i ( D 

>.(2) 
M\) 0JV/2O) 

(W2) 

(<pi are molecular orbitals , B is defined in an analo-
gous way) . Hereby the closed-shell case is assumed. 
Taking the Be a tom as an example we use the s-
orbitals (I = 0) of the hydrogen atom and related ions 
with higher nuclear charge in order to get a s imple 
and parameter f ree mode l for the two determinants A 
and B: 

2 Z 
Rn(r) = NnLn [ —r | e 

(normalisat ion constants Nn are omit ted in the fol-
lowing, L[

n are the associated Laguerre polynomials 
of order 1 and degree ri). For Be we use the Is- and 
2s-orbitals: 

(r) = e -Zr 

Zr 
i>2s(r) = ( 1 - — I e 

(In order to conserve the cusp-condi t ion it is nec-
essary to use the ful l nuclear charge Z and not an 
effect ive nuclear charge Zeff according to the Slater 
rules for example) . Extract ing the e _ p - f a c t o r out of 
the s-orbitals we finally get for the guiding funct ion 

M2) 
02(3) 
02(4) 

= Ni e-p((P2(2) - M1 )X02(4) - 02(3)) 

and therefore for the "orbi ta ls" in the original deter-
minant fo rm of (3) 

4>i(r) = 1, 

<Mr) = 1 
Zr 

e 2 

Note that the funct ions <p\ and 02 have no inf luence 
on the correct e lect ron-nucleus cusp-behaviour of our 
formulat ion (this can be seen by the absence of the 
first power of r in the corresponding Taylor series of 
0 i and 02). 

Again a second guiding funct ion is used, where we 
chose a single-zeta Hart ree-Fock funct ion 

= N 2 
' . (1) 02(1) 
>i(2) 02(2) 

>I(3) 02(3) 
>I(4) 02(4) 

with the two molecular orbitals 

01 = CiiV?is + C2l^2s, 

02 = Ci2V?ls + c22^2s 

(c\ i = 1.0, c2i = 0 .7; ci2 = 0.7, c22 = 1.0) and the 
(normalised) Slater basis funct ions (£i s = 3 .68478, 
C 2 S = 0 .95603) : 

The extension of this model on larger systems is pos-
sible, but numerical results show that the node struc-
ture of guiding func t ions gained by this s imple for-
mulat ion seems to get worse especial ly for the multi-
centre case of molecules . In addit ion to that, studies 
of this model for the sys tems LiH, Li2 and H2O reveal 
that numerical p rob lems in the convergence behaviour 
have to be expected. 

V. Results and Discuss ion 

Calculat ions for the Variational Monte Car lo 
( V M C ) and the B F M C method were per formed with 
a 1300- l ines -FORTRAN program. V M C was used in 
order to calculate the expectat ion values where no 
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analytic solution is available and to calculate the vari-
ances a 2 of the local energy funct ion. For each ex-
ample we used a starting populat ion of 10 000 points 
("walkers") of the 3N-d imens iona l electronic space, 
which was generated in a first run. Start ing f rom this 
populat ion, 10 independent calculat ions of 105 Monte 
Carlo cycles were done with different starting values 
of the random number generator. The first 500 cycles 
were discarded before data was gathered. The num-
bers in brackets are two t imes the standard error of 
the last given decimal . 

In a first step we did a few calculat ions on one-
electron sys tems in order to get a feel ing for sys-
tematic errors for the more difficult examples later, 
and to have a reference for the accuracy which can 
be expected for the chosen computa t ional effort (re-
m e m b e r that for the one electron sys tems the B F M C 
method is exact) . The simplest example is the hy-
drogen atom. Because our formula t ion in this special 
case provides the exact solution for the ground state, 
it is not possible to use it as a guiding func t ion (the 
local energy would become the constant eigenvalue). 
Instead we used an opt imised Gauss func t ion and a 
second funct ion with the same expectat ion value but 
correct cusp-behaviour (ß = 1 .848374 Z): 

$2 = N2(l + (ß - Z)r)e-0r. 

The standard deviat ions were calculated for the 
B F M C and the Variation Monte Car lo method. As 
expected, the value of the standard deviat ion a for the 
Gauss funct ion is approximate ly twice as high as for 
<P2. According to the law of convergence for Monte 
Car lo methods , 

(a2 is the variance of the mean and N here denotes 
the number of sample points), the consequence of the 
higher standard deviation of the Gauss func t ion can 
be directly seen in the error bar ( ± 2 c r f ) for the value 
of the energy. Note the di f ference in the error bars for 
the standard deviat ions themselves . 

For the hydrogen molecular ion our formula t ion 
has the disadvantage of having an unphysical plateau 
between the two nuclei as already discussed (Fig-
ure 4). Therefore the variance of the local energy is 
worse than that of the LCAO-formula t ion in spite of 
the correct cusp-behaviour of our guiding funct ion. 

Table 1. Results of the one-electron systems (energies in 
Hartree). 

(-E')vMC (£)BFMC -Eexp CVMC ^BFMC 

H a - 0 . 42441 (3 ) - 0 . 5 0 0 0 0 ( 4 ) „ 5 0 .540(2) 0 .700(2) 
H b - 0 . 4 2 4 4 0 ( 2 ) - 0 . 5 0 0 0 0 ( 2 ) ' 0 .30223(1) 0 .31400(1) 
H+ c - 0 . 57683 (2 ) - 0 . 6 0 2 6 3 ( 2 ) n 6 0 2 6 2 5 ° 1 6 2 2 0 7 ( 8 ) 0 .2109(1) 

- 0 . 4 6 7 7 2 ( 6 ) - 0 . 6 0 2 6 4 ( 5 ) 0 .52249(2) 0 .53131(2) 

a Gauß funct ion ( a = 8/(97r)) , analytic: E = - 0 . 4 2 4 4 1 3 Hart ree 
(expectation value), a = 0 . 5 3 9 6 0 9 . " Funct ion with correct " c u s p " 
behaviour (ß = 1.848 374), analytic: E = - 0 . 4 2 4 4 1 3 Hartree 
(expectation value), a = 0 .302 233. c LCAO-fo rmu la t i on ( a = 
1.25), R a b = 2.0. analytic: E = - 0 . 5 7 6 831 Har t ree (expectat ion 
value), £ e x p 115], 116], [ 17] , d e~P with F = 1, r A B = 2 .0 , analytic: 
E = —0.467 741 Hartree (expectation value). 

Nevertheless the accuracy of the var iance itself in the 
B F M C method is higher than in the L C A O case. 

For two electron systems an explici t value for the 
parameter Vmax has to be specified. We did an empir-
ical optimisat ion for the He a tom with our fo rmula-
tion as a guiding funct ion. The value of Vmax should 
roughly be constant for two electron sys tems because 
it depends mostly on the number of electron pairs. 
So we used the value V'max = 15.0 Hart ree fo r all 
calculations of He and H 2 . In addi t ion, for the hydro-
gen molecule an opt imised single-zeta Har t ree-Fock 
funct ion was used. Again a d i f fe rence be tween the 
one- and the two-centre case can be seen. For the He 
a tom our formulat ion provides only half the s tandard 
deviation than the H F funct ion. This causes signifi-
cant improvements of the B F M C energy. For H 2 the 
difference in the standard deviat ions of the two guid-
ing funct ions is smaller than in the case of the hy-
drogen molecular ion and shows that the unphysical 
behaviour of our formulat ion be tween the nuclei is 
getting less important . An interest ing point to remark 
is the different result for the B F M C energies of one 
system (e. g. He) calculated with d i f ferent guiding 
functions. The solution for this surpris ing fact is that 
the results are influenced in a di f ferent way, depending 
on the guiding funct ion used, f r o m the approximat ion 
of the bounded potential. 

For the Be a tom we have to keep in mind that the 
method is now only exact within the fixed-node ap-
proximation which causes the largest error of course. 
Due to the l imitations of the fixed-node approach, dif-
ferent guiding funct ions with the same node structure 
should produce the same B F M C result . As Table 3 
shows, the results of the energies d i f fer in a signif-
icant way in spite of the same node structure. The 
reason for that can be found in numer ica l p rob lems 
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Table 2. Results of the two electron systems (energies in Hartree). 

{E)v MC (-E)BFMC ^ H F - l i m i t Eexp %corr <7VMC CßFMC 

He a - 2 . 8 4 7 5 8 ( 5 ) - 2 . 9 0 3 5 6 ( 5 ) 
- 2 . 8 6 1 6 8 - 2 . 9 0 3 7 2 4 

9 9 . 6 1 0 . 9 4 7 ( 2 ) 0 . 9 0 3 ( 1 ) 

He b - 2 . 8 5 5 4 9 ( 4 ) - 2 . 9 0 3 7 6 ( 3 ) 
- 2 . 8 6 1 6 8 - 2 . 9 0 3 7 2 4 

1 0 0 . 0 9 0 . 4 9 0 1 ( 2 ) 0 . 5 0 4 5 2 ( 1 ) 

HCo - 1 . 1 2 8 0 8 ( 1 ) - 1 . 1 7 4 4 6 ( 3 ) 
- 1 . 1 3 3 6 - 1 . 1 7 4 6 

9 9 . 6 6 0 . 4 9 3 ( 2 ) 0 . 4 2 3 8 ( 8 ) 

H 2 - 1 . 0 3 6 4 2 ( 5 ) - 1 . 1 7 4 5 ( 1 ) 
- 1 . 1 3 3 6 - 1 . 1 7 4 6 

9 9 . 7 6 0 . 5 7 0 1 7 ( 3 ) 0 . 5 8 3 8 4 ( 5 ) 

a Hartree-Fock single-zeta (C = 11/16) , analytic: E = - 2 . 8 4 7 656 Hartree (expectation value), £ e x p [18]. b e~p with F = 1, analytic: 
E = - 2 . 8 5 5 51 Hartree (expectation value). c Hartree-Fock single-zeta (C = 1.2), r A B = 1.4, analytic: E = - 1 . 1 2 8 077 Hartree 
(expectation value), £exp [18]. d e~P with F = 1, r A B = 1.4. 

Table 3. Results for Be (energies in Hartree). 

{E)v MC (-E)BFMC ^HF—limit Eexp %corr ffVMC CBFMC 

Be a - 1 4 . 5 5 6 7 ( 2 ) - 1 4 . 6 4 9 4 ( 5 ) 
- 1 4 . 5 7 3 0 - 1 4 . 6 6 7 4 

8 0 . 9 3 2 . 1 3 0 ( 3 ) 2 . 0 9 0 ( 2 ) 

Be b - 1 4 . 1 5 4 9 ( 2 ) - 1 4 . 6 6 7 ( 6 ) 
- 1 4 . 5 7 3 0 - 1 4 . 6 6 7 4 

9 9 . 5 8 1 . 6 1 9 4 ( 3 ) 1 . 9 8 7 ( 7 ) 

a Hartree-Fock, single-zeta ( < l s = 3.68478, C2s = 0 .95603) , analytic: E = - 1 4 . 5 5 6 740 Hartree (expectation value). b e~P F, s-Orbital 
formulation, Eexp [ 2 1 ] , [ 2 2 ] . 

which cause difficulties in the convergence behaviour 
and have been reported by other authors [19], [20] as 
well. Again the standard deviat ion of our formula t ion 
is lower than the one of a single-zeta H F funct ion . Be-
cause of the six electron pairs a value of 90.0 Hartree 
was chosen for Vmax (six t imes the value of the two 
electron systems). Not ice that the results for the stan-
dard deviation itself ga ined by guiding func t ions with 
correct cusp-behaviour are one or two orders of mag-
nitude more accurate than in the cor responding ex-
amples with guiding func t ions wi thout this property. 

Comparison to Literature 

Because of the d i f fe rences of the many Mon te 
Carlo methods , the di f ferent computa t ional effor ts , 
and the varying numerical details in the different im-
plementat ions , the compar i son of our results with 
the literature is not an easy task. Anderson [23] 
gives a D M C energy of E = - 0 . 4 9 9 9 9 5 ( 4 ) Hart ree 
for the hydrogen a tom for a guiding func t ion with 
an expectat ion value of ( E ) = —0.4998 Hartree. 
In the same paper the D M C energy of the he-
l ium atom with the "s ingle-ze ta" Har t ree-Fock func -
tion we used is given by E = - 2 . 9 0 4 4 ± 0 .0012 
Hartree, and with a Hylleraas func t ion with an ex-
pectation value of (E) = - 2 . 9 0 2 4 1 2 Hartree a 
value of E = - 2 . 9 0 3 6 4 9 ± 0 .00006 Hartree is re-
ported. For the hydrogen molecular ion a g round 
state energy of E = - 1 . 1 7 4 5 ± 0 .0008 Hartree can 
be found at Reynolds und Ceperley, w h o used a 

"s ingle-zeta"-formulat ion with Jastrow factor ((E) = 
— 1.1507 ± 0 .0009 Hartree). In the same paper a sec-
ond funct ion with clearly better expectat ion value 
gives, due to the higher computa t ional effort , only 
a result with larger error bar. The ground state of 
the Be a tom is given by Umrigar , Night ingale , and 
Runge [19] for a one determinant funct ion with Jas-
trow factor ((E) = - 1 4 . 6 2 7 5 ( 1 ) Hartree) by E = 
—14.6569(2) Hartree. The use of a mul t i -determinant 
funct ion ((E) = —14.66648(1) Hartree) gives an en-
ergy of E = —14.66717(3) Hartree. In an article of 
Moskowitz , Schmidt et al. [21] results for "guid ing 
func t ions" with increasing complexi ty are given by 
E i = - 1 4 . 6 4 0 ( 6 ) Hartree, E2 = - 1 4 . 6 5 2 ( 3 ) Hartree, 
E3 = - 1 4 . 6 6 5 ( 2 ) Hartree and E4 = - 1 4 . 6 6 7 ( 2 ) 
Hartree (all calculations within the fixed-node ap-
proximation) . 

VI. Conclus ion 

The use of the e - p - f o r m u l a t i o n with F = 1 as a 
guiding funct ion in the B F M C for systems up to two 
electrons turns out to be a good choice. It provides 
a very s imple expression for the funct ion itself and 
its corresponding local energy, whose boundar ies can 
be analytically determined. The implementa t ion of a 
computer program is of a very uncompl ica ted and 
general fo rm. Beyond that, no parameters have to be 
determined or optimised in foregoing costly calcula-
tions. In spite of the extraordinary s imple concept , the 
compar ison with the literature shows that our results 
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are of an equal or somet imes even better accuracy. 
F rom this point of view the increasing complexi ty 
of c o m m o n l y used guiding funct ions has to be seen 
critically, especial ly if the computat ional effort for 
e laborat ing the guiding funct ion itself by determining 
their parameters is taken into account. Today, where 
cheap and powerfu l computers are available the use 
of quick and dirty a lgori thms with guiding funct ions 
of a m i n i m u m complexi ty should be an interesting al-
ternative for the computat ional practice. For systems 
with more than two electrons the quality of the re-
sults is mainly determined by the node structures of 
the guiding func t ions when the common fixed-node 
approximat ion is applied. For these systems the use 
of a parameter- f ree guiding funct ion is very difficult, 

so that there seems to be no alternative to the usual 
method to use an opt imised HF-determinant as part 
of the funct ion . Ano the r important point to keep in 
mind is the exis tence of numerical e f fec ts of a chaotic 
type, which somet imes cause convergence problems 
and have to be examined fur ther in detail . 

Acknowledgement 

We wish to thank the "Studiens t i f tung des Deut-
schen Volkes" for giving a grant to one of us (C. M). 
We also wish to thank Dr. G. Becker and Dr. D. 
H o f f m a n n for many useful discussions and their kind 
support. 

[1] QCPE Program No 657, Quantum Magic, B. L. Ham-
mond. 

[2] F. F. Seelig, Z. Naturforsch. 21 a, 1500 (1966). 
[3] F. F. Seelig, Int. J. Quant. Chem. 1, 809 (1967). 
[4] G. Becker, Dissertation (Eberhard-Karls-Universität 

Tübingen 1996). 
[5] T. Kato, Commun. Pure Appl. Math. 10, 151 (1957). 
[6] M. H. Kalos, Phys. Rev. 128, 1791 (1962). 
[7] J. B. Anderson, Understanding Chemical Reactiv-

ity: Quantum Mechanical Electronic Structure Cal-
culations with Chemical Accuracy, edited by S. R. 
Langhoff, Kluwer Academic Publishers, New York 
1995. 

[8] J. B. Anderson, J. Chem. Phys. 65, 4121 (1976). 
[9] J. B. Anderson, J. Chem. Phys. 86, 2839 (1987). 

[10] D. M. Ceperley and B. J. Alder, J. Chem. Phys. 81, 
5833 (1984). 

[11] B. L. Hammond, W. A. Lester, and P. J. Reynolds, 
World Scientific Lecture and Course Notes in Chem-
istry, Vol. 1, Monte Carlo Methods in Ab Initio Quan-
tum Chemistry, World Scientific, Singapore 1994. 

[12] M. Abramowitz and I. Stegun, Handbook of 
Mathematical Functions, Dover, New York 1972, 
p. 444. 

[13] D. M. Ceperley, J. Stat. Phys. 65, 1237 (1991). 
[14] W. A. Glauser, W. R. Brown, W. A. Lester jr. , D. 

Bressanini, B. L. Hammond, and M. L. Koszykowski, 
J. Chem. Phys. 97, 9200 (1992). 

[15] D. R. Bates, K. Ledsham, and A. L. Stewart, Phil. 
Trans. A 246, 215 (1953). 

[16] D. R. Bates and T. R. Carlson, Proc. Roy. Soc. (Lon-
don) A 234, 207 (1956). 

[17] L. Y. Wilson and G. A. Gallup, J. Chem. Phys. 45, 
586(1966). 

[18] C. L. Pekeris, Phys. Rev. 51, 1649 (1958). 
[19] C. J. Umrigar, M. P. Nightingale, and K. J. Runge, J. 

Chem. Phys. 99, 2865 (1993). 
[20] J. Schütt and M. C. Böhm, in press. 
[21 ] J. W. Moskowitz, K. E. Schmidt, M. A. Lee, and M. H. 

Kalos, J. Chem. Phys. 76, 1064 (1982). 
[22] L. Szasz and J. Byrne, Phys. Rev. 158, 34 (1967). 
[23] J. B. Anderson, J. Chem. Phys. 73, 3897 (1980). 


