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Using an old formulation for correlation functions with correct cusp-behaviour, the Schrodinger
equation transforms to a new differential equation which provides a very simple expression for the
local electronic energy with limited range. This, together with the simplicity of the formulation
promises a high performance in Green’s function Monte Carlo (GFMC) simulations of small
electronic systems. The behaviour of the local energy is studied on a few simple examples because
the variance of this function determines the quality of the results in the GFMC methods. Calculations
for one- and two-electron systems are presented and compared with results from well-known
functions. The form of the function is then extended to systems with more than two electrons.
Results for the Be atom are given and the extension to larger electronic systems is discussed.
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I. Introduction

Greens’s function quantum Monte Carlo methods
have been an intensively examined branch of quan-
tum mechanics in the last years. The method has now
become well established and standard programs for
calculations of smaller electronic systems are avail-
able [1]. Progress still has to be done in extending
the method on larger systems. Questions of the node
problem in the case of fermion systems have to be
solved, and the convergence behaviour of such calcu-
lations is to be improved. The latter can be achieved
by developing more accurate guiding functions with
a very small variance of their corresponding local
energies. An important point to keep in mind is of
course that better guiding functions are of an increas-
ing complexity, which causes more computational ef-
fort. Therefore care must be taken that the advantages
of better guiding functions are not overcompensated
by the disadvantage of increasing CPU-time needed
for evaluating the functions millions of times. A sim-
ple formulation like the one we suggest could, in spite
of being not so sophisticated as other ones, be supe-
rior in the computational practice. In addition to that,
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the question of the minimum requirements of a for-
mulation without parameters, which would have been
determined first in another calculation, remains an
interesting point in ab-initio quantum chemistry.

The starting point of the following inspections is
the time-independent Schrodinger equation

HY, = E, ¥,

with the Hamiltonian H, the wave function ¥,, which
for simplicity here is taken to be real, and the cor-
responding energy E, of the p" quantum state.
The quantum mechanical, non-relativistic, electronic
Hamiltonian for a molecule of IV electrons with the
coordinates 7; = (x;,y;,2) (¢ = 1,2,...,N) in
the field of M nuclei with the coordinates 7 =
(k,YK,2x) and the charge numbers Zx (K =
1,2,..., M) in a Cartesian coordinate system within
the Born-Oppenheimer approximation using atomic
units is

1 N N M ZK N-1 N 1
He;=—5;V%—ZZW -3 N

i=1 K=1"" i=1 j=i+l Y

=

(rik = |F; — Tk is the distance between electron i and
nucleus K and r;; = |7; — 7| is the inter-electronic
distance).
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With the new quantity

N M N=1 N
1
p= Z ZKgTik — 3 Z z T
=1 K=1 =l j=itl

introduced in [2], [3] the ground state wave function
¥ (where in the following the ground state index p = 0
for simplicity is omitted) can be written as

¥ =¢"F.

Inserting this formulation in the Schrodinger equation
produces a new differential equation for the func-
tion F':

N
‘% > [VI-2Vip-Vi)+(Vip?] F=EF .
=1

(2

The expression for the local energy of a trial function
b=e"F,

therefore can be written as

N
Y [VI-2Vip -V, F

€=—E F + V7, (1)

introducing a new pseudo-potential

o=
Vi=—2) (Vip)
5 ;( p)

It turns out that our formulation of the wave func-
tion produces at least three attractive properties [4].
These are the fulfilment of the cusp-conditions [5],
the exact compensation of the true coulomb potential
and the generation of a new pseudo-potential which
is bounded from above and from beyond. The expres-
sion for the local energy, due to the special choice
for the ground state wave function with correct cusp-
behaviour, therefore has very attractive properties for
the use in some numerical quantum mechanical meth-
ods, as will be shown in the next sections.
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I1I. Method

Originally the method of the Green’s function
Monte Carlo calculations was introduced by Kalos
[6], Anderson [7-9] and others [10]. Here we only
have to point to a few basic key ideas. Details of the
implementation can be found in these papers and in
the textbook of Hammond, Lester, and Reynolds [11],
where the method we use is often referred as “Bessel
function Monte Carlo (BFMC)”.

Assuming that the potential in the Schrodinger
equation had an upper bound V., > 0, the ex-
pression (V(F?) — Viax), would always be nega-
tive (or zero) (in the following capital letters R =
(x1,y1,21,-..,ZN,YN, 2n) are used for positions of
the 3N-dimensional, electronic space, while small
letters (7;) denote the coordinates of a single electron).
Therefore, to apply this method the electron-electron
interaction of the true coulomb potential V¢

N M N-1 N

- ZI\' 1

Ve=—3 5 L4 3 5 —
=l K=l ToK =] jemel W

has to be cut off at V- = V1.« (this is equivalent to an
introduction of a minimal electron-electron distance
o). Of course this assumption introduces a small er-
ror which depends on the choice of Vj;,x and can be
related to the time step error in Diffusion Monte Carlo
methods (DMC). Additional considerations are nec-
essary to get the best value for V.. For one-electron
systems this method provides an absolutely accurate
way for computational calculations. The Schrodinger
equation with this shift parameter V,,x now reads

V(R) ~ Vinax

EO - Vmax W(R)’ (2)

1, "
[—k—zv- % 1] W(R) =

where we have introduced the new parameter k* =
—2(Ey — Vinax) for convenience, and V? is based on
the coordinates R of all the electrons. The expression
in brackets on the left-hand side of (2) is an Helmholtz
operator. The Green’s function of this operator is well-
known:

Giess(R', R) = 21)"“*YR K, (R)

(R = k|R — R'|, v = 3N/2 — 1). K, is the modi-
fied (spherical) Bessel function (if v is integer, K, is
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of second, in the other cases of third kind [12]). In-
troducing a guiding function ¢ in order to perform a
Metropolis acceptance step in the simulation, the final
integral equation which has to be solved iteratively by
Monte Carlo methods is

F(R') = &(R'YW(R')

= / ¢(RI)GBess(RI R)
JB(R)

V(R) = Vinax

——— "% f(R)dR.
By — Vs | T

The electronic ground state energy can be calculated
by summation of the local energies ¢; of the set of
3N-dimensional points {R,} (“walkers”) in a ran-
dom walk algorithm, which after the simulation are
distributed like the mixed function f:

By=isir=gn MZ “(Ry).

Care must be taken to avoid statistical correlation.

In the case of systems with more than two electrons
the wave function of fermion systems ¥ has to be
antisymmetric under exchange of the space- and spin-
coordinates of two particles:

WF(. ..,{Fi,wi},...,{f'j,wj},...)
= —-WF(‘..,{’Fj,(.dj},...,{Fi,wi},...).

This constraint is usually achieved by a determinant
form of the guiding function. Using a determinant
specifies the nodes of the function. Because of the
lack of knowledge of the general shape of the nodes
[13], [14], an additional error is introduced when the
common fixed-node approximation [8] of the BFMC
method is implemented.

II1. Guiding Functions

The most common formulation for guiding func-
tions in GFMC methods is of the correlated molecular
orbital (CMO) type:

Pemo = PcPp,

where &¢ denotes a correlation factor and ¢p a
determinant form. For @ very often Jastrow factors
are used:

e 4
¢C=€p,

795

where

N
- J J
- Z Pi F Peorr
=1

with the simplest form of a Padé-approximation

M
pJ _ Z AKTiK
! el 1+ VKT:K

and

_ari
1+br;;’

303

=1 j=i+l

where the parameter a has to be chosen as a = —1/2
in order to satisfy the electron-electron cusp condi-
tion. The parameters Ay have to be determined to
fulfil the electron-nucleus cusp conditions. The vy
and b can be used to minimize either the expecta-
tion value of the guiding function or the variance of
its local energy function. Although there are a lot of
values for these parameters tabulated, the work for
this optimisation has to be taken into account for a
fair comparison of the computational effort for dif-
ferent guiding functions. Obviously our formulation
is the simplest form of a Jastrow factor with correct
cusp-behaviour without any parameters.

The pseudo-potential V"’ in the expression for the
local energy of our formulation has some remarkable
properties. As we can see from (1), it becomes iden-
tical with the local energy if we use F' = 1 as an
expression for the unknown function F'. For systems
up to two electrons with singlet ground state this be-
comes a possible and attractive choice. Under closer
inspection of the expression for V",
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1 . 1
Vi=—=|N 2 = —1
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17
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where

AT .
T tTa T T

(rijra) = Viri; - Viry = cos ¥y

2ri;ra
(¥;3 is the angle between the two vectors r;; and
rii, (rixrir) and (r;xr;;) are defined in an analogous
way), it turns out that it is very easy to determine an
upper and lower bound for the local energy. The upper
bound could be set to zero and for the lower bound S,

M M M

5= _%N[ZZZKZL =13 B

K=l L=1 Ii’—“l
i J\/‘ = l 3

is a possible choice. In most examples an even better
bound can be determined. This becomes important
because in QMC methods the variance of the local
energy determines significantly the quality of the re-
sult.

IV. Examples
Systems with up to Two Electrons

In order to get a better impression of our guiding
functions we studied a few simple examples, where
we are able to visualise the properties of the local
energy. For the hydrogen molecular ion (Fig. 1) the
exact solution of the corresponding Schrodinger equa-
tion is possible [15] and the Z+-orbital is shown in
Figure 2. Thus the exact function F' (Fig. 3) can eas-
ily be gained by multiplying the exact solution with
e” (note the plateau between the nuclei in Figure 4).
The pseudo-potential for the hydrogen molecular ion
(Za=Zp =7 =1)is simply
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Fig. 1. Coordinates of the hydrogen molecular ion.

(bohr)

Fig. 2. Z*-orbital of the hydrogen molecular ion (3D) from
the original work [15] (y = 0) in atomic units.

1

V= ~% 23+ Z5 +2Z4Z5(rarp)

cos(7y)

and remains inside the interval [—1/2(Z4 + Zp)?,
—1/2(Z 4 — Z)*]. The difference between the upper
and the lower bound therefore is AV’ = 2Z,7p.
Figures 5 and 6 show the pseudo-potential along the
axis of the two nuclei (x =y = 0).

We compared this function with a second guiding
function @,, which was a simple LCAO-function

&) = No(p(r4) + ¢(TR))

where ¢(r) = e~ ?" (for «, the optimum exponent
for the internuclear distance of 2.0 a.u., is used:
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Fig. 3. Function F of the hydrogen molecular ion (3D),
gained with the original work [15] (y = 0) in atomic units.
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Fig. 4. @ = e~ for the hydrogen molecular ion, section
along the nuclear axis (z = y = 0) in atomic units.

a = 1.25). Because of the wrong cusp-behaviour the
local energy of this function is of course not bounded:

. N2<(a a2> (ra)+ « a? )
.- ¥ N ) PN a o
®, \\r, 2 )PTAN\ "7 )¥'E
ZzZ _Z
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v
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Fig. 5. Pseudo-potential of the hydrogen molecular ion,
section along the nuclear axis (z = y = 0) in atomic units.

1 b4

(bohr)

Fig. 6. 3-dimensional graph of the pseudo-potential of the
hydrogen molecular ion (z = 0) in atomic units.

For the helium atom (Fig. 7) the pseudo-potential
within our formulation is

2 ml a2 2 2 2
,_Z TI+T,—T5 T5+7) =7 , 1
vi=Z o P e
2 27’11’12 27’27‘12 4
cos(a) cos(3)
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Fig. 7. Coordinates of the helium atom.
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Fig. 8. Pseudo-potential V' of the He atom for electron one
along the z;-axis (electron 2: 22 = 0, 2 = 0, 22 = 2) in
atomic units.

Because the sum (cos(a) + cos(/3)) is bounded in
the interval [0,2], the pseudo-potential V' is between
—(Z?+1/4)and —(Z% — Z +1/4). The difference be-
tween the upper and lower bound therefore is simply
AV’ = Z. Figures 8 and 9 show the pseudo-potential
holding the position of electron 2 fixed at (z; =0,
Y2 = 0, z; = 2). In Fig. 8 the first electron moves along
the z)-axis, in Fig. 9 along the y,-axis. Note that in
Fig. 8 the position of electron 2 can not be seen. A
three dimensional representation is given in Figure 10.

For the purpose of comparison we used a “single-
zeta” Hartree-Fock function

Pur = No(1)o(2)
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v

4 3 0 2 4
yi
(bohr)
Fig. 9. Pseudo-potential V' of the He atom for electron one

along the y;-axis (electron 2: 25 = 0, y» = 0, 2, = 2) in
atomic units.

v

(bohr)

Fig. 10. Pseudo-potential V' of the He atom for electron
one (electron 2: x; = 0, 22 =0, y» = 0, 2, = 2) in atomic
units.

where o(r) = e <" (( = 11/16). Due to the
wrong cusp-behaviour the expression for the local
€nergy €Hr,
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e = — (4 (¢ — 2) (i+i)+i

T T T12

again is not bounded.

Systems with more than Two Electrons

For electronic systems with more than 2 electrons
the choice of F' = 1is no longer possible. To guarantee
the antisymmetry of the guiding function we use the
common formulation

F=A(,...,N/2B(N/2+1,....N), (3)

where
o1(1) d2(1) onya(1)
?1(2)

AL, N/D =] .
&1(N/2)

(¢; are molecular orbitals, B is defined in an analo-
gous way). Hereby the closed-shell case is assumed.
Taking the Be atom as an example we use the s-
orbitals (I = 0) of the hydrogen atom and related ions
with higher nuclear charge in order to get a simple
and parameter free model for the two determinants A
and B:

R,(r)=N,L), (%r> e

(normalisation constants /N, are omitted in the fol-
lowing, L! are the associated Laguerre polynomials
of order 1 and degree n). For Be we use the 1s- and
2s-orbitals:

Pi1s(T)
Pas(T)

|
o

|
N,

L

|

N

ST
N—

ml

(In order to conserve the cusp-condition it is nec-
essary to use the full nuclear charge Z and not an
effective nuclear charge Z.g according to the Slater
rules for example). Extracting the e ~*-factor out of
the s-orbitals we finally get for the guiding function

I éa(l) $2(3) '

1
I 60 H C)
Nie™?(92(2) — ¢2(1))(92(4) — ¢2(3))

P

Nie™?
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and therefore for the “orbitals” in the original deter-
minant form of (3)

o1(r)
o2()

1,

(1 — %) e%L.

Note that the functions ¢; and ¢, have no influence
on the correct electron-nucleus cusp-behaviour of our
formulation (this can be seen by the absence of the
first power of 7 in the corresponding Taylor series of

o1 and ¢»).

Again a second guiding function is used, where we
chose a single-zeta Hartree-Fock function

Pyr = N>

é1(1)  @a(1) $13)  $203)
?1(2)  $2(2) 14 $(4)

A B

with the two molecular orbitals
Q1 = cnpist capas,
02 C12P1s + €225

(11 = 1.0, ¢51 = 0.7; ¢ = 0.7, ¢ = 1.0) and the
(normalised) Slater basis functions ((;; = 3.68478,

Gas = 0.95603):
3
A / AE—CIJ
Tr : |

5
= CZS —Cas7
P2s 5. T€ .
3T

Pls =

The extension of this model on larger systems is pos-
sible, but numerical results show that the node struc-
ture of guiding functions gained by this simple for-
mulation seems to get worse especially for the multi-
centre case of molecules. In addition to that, studies
of this model for the systems LiH, Li, and H,O reveal
that numerical problems in the convergence behaviour
have to be expected.

V. Results and Discussion

Calculations for the Variational Monte Carlo
(VMC) and the BFMC method were performed with
a 1300-lines-FORTRAN program. VMC was used in
order to calculate the expectation values where no
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analytic solution is available and to calculate the vari-
ances o of the local energy function. For each ex-
ample we used a starting population of 10 000 points
(“walkers”) of the 3 NV-dimensional electronic space,
which was generated in a first run. Starting from this
population, 10 independent calculations of 10° Monte
Carlo cycles were done with different starting values
of the random number generator. The first 500 cycles
were discarded before data was gathered. The num-
bers in brackets are two times the standard error of
the last given decimal.

In a first step we did a few calculations on one-
electron systems in order to get a feeling for sys-
tematic errors for the more difficult examples later,
and to have a reference for the accuracy which can
be expected for the chosen computational effort (re-
member that for the one electron systems the BFMC
method is exact). The simplest example is the hy-
drogen atom. Because our formulation in this special
case provides the exact solution for the ground state,
it is not possible to use it as a guiding function (the
local energy would become the constant eigenvalue).
Instead we used an optimised Gauss function and a
second function with the same expectation value but
correct cusp-behaviour (3 = 1.848374 Z):

&, = No(1+ (8 — Z)r)e P,

The standard deviations were calculated for the
BFMC and the Variation Monte Carlo method. As
expected, the value of the standard deviation o for the
Gauss function is approximately twice as high as for
®,. According to the law of convergence for Monte
Carlo methods,

"
O':% = N

(02 is the variance of the mean and N here denotes
the number of sample points), the consequence of the
higher standard deviation of the Gauss function can
be directly seen in the error bar (+20;) for the value
of the energy. Note the difference in the error bars for
the standard deviations themselves.

For the hydrogen molecular ion our formulation
has the disadvantage of having an unphysical plateau
between the two nuclei as already discussed (Fig-
ure 4). Therefore the variance of the local energy is
worse than that of the LCAO-formulation in spite of
the correct cusp-behaviour of our guiding function.
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Table 1. Results of the one-electron systems (energies in
Hartree).

(E)vmc

H* -0.42441(3) -0.50000(4) ) s 0.540(2)  0.700(2)

H —0.42440(2) —0.50000(2) 0.30223(1) 0.31400(1)
H3¢ —0.57683(2) ~0.60263(2) 1705 0.162207(8) 0.2109(1)
H3¢ -0.46772(6) -0.60264(5) 0.52249(2) 0.53131(2)

(E)srmc  Eexp avMC TBFMC

4 GauB function (o = 8/(97)), anal[\"tic: E = —0.424 413 Hartree
(expectation value), o = 0.539 609. ® Function with correct “cusp”
behaviour (8 = 1.848374), analytic: E = —0.424413 Hartree
(expectation value), ¢ = 0.302233. ¢ LCAO-formulation (o =
1.25), Rap = 2.0, analytic: £ = —0.576 831 Hartree (expectation
value), Fexp [15],[16], [17]. de=P with F = 1,rap = 2.0, analytic:
E = —0.467 741 Hartree (expectation value).

Nevertheless the accuracy of the variance itself in the
BFMC method is higher than in the LCAO case.

For two electron systems an explicit value for the
parameter V.« has to be specified. We did an empir-
ical optimisation for the He atom with our formula-
tion as a guiding function. The value of Vj,,x should
roughly be constant for two electron systems because
it depends mostly on the number of electron pairs.
So we used the value Vi, = 15.0 Hartree for all
calculations of He and H,. In addition, for the hydro-
gen molecule an optimised single-zeta Hartree-Fock
function was used. Again a difference between the
one- and the two-centre case can be seen. For the He
atom our formulation provides only half the standard
deviation than the HF function. This causes signifi-
cant improvements of the BFMC energy. For H; the
difference in the standard deviations of the two guid-
ing functions is smaller than in the case of the hy-
drogen molecular ion and shows that the unphysical
behaviour of our formulation between the nuclei is
getting less important. An interesting point to remark
is the different result for the BFMC energies of one
system (e.g. He) calculated with different guiding
functions. The solution for this surprising fact is that
the results are influenced in a different way, depending
on the guiding function used, from the approximation
of the bounded potential.

For the Be atom we have to keep in mind that the
method is now only exact within the fixed-node ap-
proximation which causes the largest error of course.
Due to the limitations of the fixed-node approach, dif-
ferent guiding functions with the same node structure
should produce the same BFMC result. As Table 3
shows, the results of the energies differ in a signif-
icant way in spite of the same node structure. The
reason for that can be found in numerical problems
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Table 2. Results of the two electron systems (energies in Hartree).

(E)vme (E)BRMC EHF _limit Eexp Pocorr ovMC OBFMC
He? -2.84758(5) -2.90356(5) 99.61 0.947(2) 0.903(1)
-2.861 =2
Heb —2.85549(4) -2.90376(3) AL a7 100.09 0.4901(2) 0.50452(1)
Hg —1.12808(1) —1.17446(3) 11336 _1.1746 99.66 0.493(2) 0.4238(8)
H2 —1.03642(5) -1.1745(1) ’ ’ 99.76 0.57017(3) 0.58384(5)

2 Hartree-Fock single-zeta (( = 11/16), analytic: E = —2.847 656 Hartree (expectation value), Eexp [18]. be—p with F =1, analytic:
E = —2.85551 Hartree (expectation value). ¢ Hartree-Fock single-zeta (( = 1.2), rag = 1.4, analytic: £ = —1.128077 Hartree

(expectation value), Eexp [18]. de—r with F =1, rag = 1.4.

Table 3. Results for Be (energies in Hartree).

(E)vmc (E)BFMC EHF —limit FEexp Pocorr avMC TBEMC
Be? -14.5567(2) —14.6494(5) _ i 80.93 2.130(3) 2.090(2)
Beb —14.1549(2) —-14.667(6) 490 Lt 99.58 1.6194(3) 1.987(7)

2 Hartree-Fock, single-zeta ((|, = 3.68478, (>, = 0.95603), analytic: E = —14.556 740 Hartree (expectation value). ® e~# F, s-Orbital

formulation, Fexp [21], [22].

which cause difficulties in the convergence behaviour
and have been reported by other authors [19], [20] as
well. Again the standard deviation of our formulation
is lower than the one of a single-zeta HF function. Be-
cause of the six electron pairs a value of 90.0 Hartree
was chosen for V.« (six times the value of the two
electron systems). Notice that the results for the stan-
dard deviation itself gained by guiding functions with
correct cusp-behaviour are one or two orders of mag-
nitude more accurate than in the corresponding ex-
amples with guiding functions without this property.

Comparison to Literature

Because of the differences of the many Monte
Carlo methods, the different computational efforts,
and the varying numerical details in the different im-
plementations, the comparison of our results with
the literature is not an easy task. Anderson [23]
gives a DMC energy of £ = —0.499995(4) Hartree
for the hydrogen atom for a guiding function with
an expectation value of (E) = —0.4998 Hartree.
In the same paper the DMC energy of the he-
lium atom with the “single-zeta” Hartree-Fock func-
tion we used is given by £ = —2.9044 £+ 0.0012
Hartree, and with a Hylleraas function with an ex-
pectation value of (E) = —2.902412 Hartree a
value of E = —2.903649 + 0.00006 Hartree is re-
ported. For the hydrogen molecular ion a ground
state energy of F = —1.1745 4 0.0008 Hartree can
be found at Reynolds und Ceperley, who used a

“single-zeta”-formulation with Jastrow factor ((E) =
—1.1507 4 0.0009 Hartree). In the same paper a sec-
ond function with clearly better expectation value
gives, due to the higher computational effort, only
a result with larger error bar. The ground state of
the Be atom is given by Umrigar, Nightingale, and
Runge [19] for a one determinant function with Jas-
trow factor ((F) = —14.6275(1) Hartree) by E =
—14.6569(2) Hartree. The use of a multi-determinant
function ((E) = —14.66648(1) Hartree) gives an en-
ergy of £ = —14.66717(3) Hartree. In an article of
Moskowitz, Schmidt et al. [21] results for “guiding
functions” with increasing complexity are given by
FE\ = —14.640(6) Hartree, £, = —14.652(3) Hartree,
E3; = —14.665(2) Hartree and E5; = —14.667(2)
Hartree (all calculations within the fixed-node ap-
proximation).

VI. Conclusion

The use of the e”?-formulation with F' = 1 as a
guiding function in the BFMC for systems up to two
electrons turns out to be a good choice. It provides
a very simple expression for the function itself and
its corresponding local energy, whose boundaries can
be analytically determined. The implementation of a
computer program is of a very uncomplicated and
general form. Beyond that, no parameters have to be
determined or optimised in foregoing costly calcula-
tions. In spite of the extraordinary simple concept, the
comparison with the literature shows that our results
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are of an equal or sometimes even better accuracy.
From this point of view the increasing complexity
of commonly used guiding functions has to be seen
critically, especially if the computational effort for
elaborating the guiding function itself by determining
their parameters is taken into account. Today, where
cheap and powerful computers are available the use
of quick and dirty algorithms with guiding functions
of a minimum complexity should be an interesting al-
ternative for the computational practice. For systems
with more than two electrons the quality of the re-
sults is mainly determined by the node structures of
the guiding functions when the common fixed-node
approximation is applied. For these systems the use
of a parameter-free guiding function is very difficult,
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